
Theory of NQR Pulses*
B. C. Sanctuary
Department of Chemistry, McGill University
801 Sherbrooke St. W., Montreal, Quebec, Canada H3A 2K6

M angala S. K rishnan
Department of Chemistry, Queen’s University, Kingston, Ontario K7L 3N6

Z. Naturforsch. 49a, 71-79 (1994); received October 27, 1993

Pulses applied to spin systems with I > 1/2 in the absence of any external fields, the NQR case, 
are fundamentally different from NMR pulses. In particular, both rotating and counter-rotating 
components of the rf field must be kept in NQR, whereas only the “in phase” component need be 
retained in NMR. NQR pulses are illustrated for 7 = 3 /2  in an axially symmetric electric field 
gradient (EFG).
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Introduction

In N Q R  it is custom ary to  refer to  a pulse that 
maximizes the signal as a “90 degree pulse”. In the 
absence of an external m agnetic field and  for an ax­
ially symmetric EFG  there is no direction from  which 
the angle of a pulse can be referenced. N Q R  differs 
from N M R  in this fundam ental way as indicated in 
F igure 1. The purpose of this paper is to  study pulses 
in N Q R  and to com pare and  contrast the effects with 
the well know n NM R cases. Previous w ork on this 
subject forms a basis for the approxim ation used 
[1 -7 ], with [7] coming the closest to our m ethod [8]. 
In addition, similar cases have been treated  by Reddy 
and N arasim han [9] and  explicit com parisons are 
m ade with their results.

In  all treatm ents it has been recognized th a t spin 
systems involving coherences are best described by a 
spin density matrix, q , and  the time dependence is 
given by

. 0£>
i h  —— =  q —iR g ,  

o t
(1)

where the spin dynamics is described by the Liouville 
operator and a relaxation term  R. Since the pulses are
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of short duration , we assume th a t relaxation effects 
are negligible and  drop  the corresponding term  in (1).

The goal of this paper is to  describe a series of pulses 
in the simple case of integer and half-integer spins 
subject to an axially symm etric quadrupole interac­
tion.

To contrast w ith N M R, the external magnetic field 
defines a z-axis abou t which nuclear spins can align 
producing a m agnetization vector. A pulse of 6 de­
grees abou t an  axis, say x, denoted by dx , simply 
ro tates the m agnetization around the x  axis so the 
resonant com ponents lie in the y  z plane at an angle 6 
relative to the z-axis.

NMR 

90° pulse

NQR 
90° pulse ?

zero field quadrupole

Fig. 1. Contrasting an NMR resonant 90° pulse with the 
NQR case. What does a pulse do to a spin system, /  >  1/2, 
when no external field is present?
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Fig. 2. a) Spin /  =  3/2 in NMR case with Zeeman splitting H z 
and Zeeman plus quadrupole, H 2 + H Q-, b) same as (a), but in 
the absence of an external magnetic field. Single quantum 
transitions are indicated.

Figure 2 com pares the N M R  and N Q R  situations. 
The im portan t point to notice is that for N M R , a 
“h ard” pulse is non-selective and all transitions have 
A M  =  + 1 . In N Q R  a pulse produces both  A M  =  + 1  
and — 1 transitions and is selective.

In bo th  N M R  and N Q R  the rf H am iltonian is given
by

J fy f t =  co0 I z +  2col I x cos (cor — (f)), (2)

which can be rewritten to give 

2/h = +  co0 / z

+ col [Ix cos (co t —(f))— Iy sin (cot — (f))] 
rotating

=  +  (Oi [Ix cos (cot —(f)) + I y sin (co t — 0 )]. 

counter-rotating

(3)

Here co0 is the Larm or frequency and col5 co, and (f) 
are the am plitude, carrier frequency and phase, re­
spectively, of the pulse. We refer to the second term  in
(3) as the ro tating  com ponent of the rf field and the 
third as the counter-ro tating  com ponent.

In the N M R  case, if the Larm or precession is ro ta t­
ing in the same sense as the ro tating  com ponent of the

(D=(D0- one com ponent o f  

rf field equals co0

one com ponent of 

rf field is out of 

phase by 2co0
NM R- resonance

Fig. 3. NMR cases a) Lab frame off-resonance. The carrier 
frequency has 2 oppositely rotating components which differ 
from the Larmor frequency, b) same as (a) by cu =(o0. c) both 
rf components in this rotating of a> and on-resonance,
O) = C D n .

rf field, then this com ponent is close to or on-reso- 
nance and causes A M  = + 1  transitions, while the 
counter-ro ta ting  com ponent is out-of-resonance by 
abou t 2 co. In N M R , this term  is dropped since it 
causes, under usual experim ental conditions, only 
small Bloch-Siegert shifts. Figure 3 depicts the effects 
of bo th  com ponents of the rf field in the N M R  case. 
P ure or hard pulses sufficient for m ost N M R  cases 
have an rf H am iltonian given by [10], ^

J^2/h  =  wo Iz + Wi Ux cos [cot— (f))—I y sin(cor —0 )].

The N Q R  case, from Fig. 2, requires both the ro ta t­
ing com ponent of the rf field to produce the A M  =  +1 
transition  and the counter-ro tating  com ponent to 
p roduce the A M  = — 1 transition. Like in N M R, the 
com ponents ro tating  at ± 2 co, out-of-resonance from 
the A M  =  ±  1 transition  frequencies, are ignored. U n­
like N M R, an N Q R  transition is selective. F or exam ­
ple the transitions between ± 1/2 -*• + 1/2 levels are 
not excited in N Q R  while they are in NM R (see Fig-
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Fig. 4. a) 1/2 -  integer and b) -  integer spins extracted from the 21 +  1 manifold of levels.

ure 2). The rf H am iltonian for N Q R  is given by the 
sum of two com ponents and  J^~{ , where

J f ’rf =  co *ff [Ix cos (cot —(p) —Iy sin (cot — </>)] (5) 

is the ro tating  com ponent and

= ö)'ff [Ix cos (ci) t — <fi) +  Iy sin (co t — 0 )] (6) 

is the counter-ro tating  com ponent.

ou t the pairs of relevant levels. Figures 4 a, b  show 
pictorially how  this can be done for integer and  half­
integer spins. Such projected pairs of levels are fully 
described by a set of 2 x 2 matrices which are the Pauli 
spin matrices.

A nother way to  visualize this process is to  take a 
m atrix  representation of a spin operator an extract the 
relevant parts. C onsider the quadrupole of a spin 5/2. 
I t’s m atrix representation is given by [10]

Projection of Composite Spin

W ithin the above model, the rf H am iltonian  acts on 
an adjacent pair of levels and  causes selective single 
quantum  transitions of + 1 . It is possible to  project

y(2)0(/) =

1 - 5  0 0 0 0 0 \
0 1 0 0 0 0
0 0 4 0 0 0
0 0 0 4 0 0
0 0 0 0 1 0

\ 0 0 0 0 0 - 5 1

(7)
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Suppose the transitions from +  1/2 ± 3 /2  are excited. We simply rewrite the m atrix as

y (2)0(/) =

r / - 5  0 0 0 0 
0 0 0 0 0 
0 0 5 0 0

° \  
0 
0

0 00 0 0 5 
0 0 0 0 0 0 
0 0 0 0 0 - 5  I

+

/ 0 0 0 0 0 0 \
0 1 0 0 0 0
0 0 -1  0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

\0  0 0 0 0 0 1

+

0 0 0 0 0 o\
0 0 0 0 0 0

0 0 0 -1  0 0
0 0 0 0 1 0
0 0 0 0 0 0

(8)

The first m atrix  in (8) is not affected by the . The 
second m atrix is excited by and the th ird  is ex­
cited by . The effects of are calculated on the 
appropriate  m atrices, and the results then recom bined 
into one m atrix  again.

A nother way to  visualize this m ethod is to  trea t the 
last 2 m atrices in (8) as spin 1/2 vectors. Hence in the 
above example two com posite vectors are extracted as 
shown in Figure 5.

Calculation of the Pulse Effects

The effect of an rf pulse on a spin 1/2 is well know n 
[11]. We simply state the results.

pulse

e,

pulse

e,

Fig. 5. a) Vector example of extraction of two composite 
spins of 1/2 from a quadrupole, b) effect of a pulse on the two 
extracted spins, c) alternate representation of the effect of a 
pulse. Note in b) and c) that the composite spins rotate in 
opposite senses.

First note th a t the effect of applying can be 
obtained from the result by virtue of the symme-

try  (9)
J f" 1' - » J’f  as c o - * — a) and ( f t-*—(ft.

The density opera to r for the 2 x 2  problem  is

q± (0 =  1/2 E1/2+ z
q  =  -  1

(10)

where the three com ponents (ft* (t) denote the vector 
polarizations of these com posite spins with

(fto (0  ~  M z, (ft5 1~ M x ± i M y.
The spherical tensor operators are given by 

'1 0N

(11)

y (1)0( l / 2) =  i
0 - 1

(12)

In term s of W igner ro tation  m atrices D{ql̂ (ixßy)  [11] 
one has

* H t ) =  X  D{1} (a* ± 0 , ß, a*  +(ft + n) <j>$ (0), (13)
q ’ = -  1

where

a ~ =  +  tan

„  1 
cos / > = —=-

Aco f Q t X ]
-----tan  1 —

Q V 2 )_

n 

2 ’

co? „ff c o sQ t  + A(o2l .e f f

Q = y/Aco2 +  co2 eff, A co = o j— o>m ,

« i . e f f  =  y / { I  + M ) { I - M  +  \ )

(14)

(15)

(16) 

(17)

for a transition  M -+ M  — 1. co^ is defined in Fig­
ure 4 a. Hence from an initial condition (ft*. (0) the ef­
fect of a pulse on these two pairs of levels is given by

QD 2 (0  =  1/2
q ’ = -  1

(18)
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Fig. 6. Effects of pulses showing a) a single selective pulse +  M -*• ±  M  +1 for an integer spin, I, b) a possible double resonance 
pulse, c) a pulse on the 0 -+ ±  1 levels of an integer spin and d) + 1 /2  -* + 3 /2  transitions in a 1/2 -  integer spin.

where the M * ’s are given by

A^o (a  , A <j>,cot) = .

i cos ß
i s in ß  exp [ — i (a* +  0  +  co t)] 

i

i sin ß  exp [i (a 1 +  cf) +  co r)] 

— i cos ß

s in ß  exp [/(a* +</>)]

i

and

(1 — co sß) exp [±i(2cp —cotj]

M ^ (  cc±,ß, cf),cot) =
H-----— s in ß  exp [ — i (a* +  cf))]

V 2

— (1 +  cos ß) exp [i(2 a* +  co0]  ̂
V 2

sinß  exp [/(a* ± 0 )]

(19)

(20)

—— (1 — cos ß) exp [ +  i (2 cf) — co f)] ^
V 2

\ V2
At resonance c o = c o a* =  —n / l .

(1 +  co sß) exp [ — i (2a* +  cor)]
s /2

sin/? exp [ — /(a* + 0 )]
(21)
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The result has the following relevance. W ithin the 
fram ework of the model described in the introduction, 
all N Q R  pulses are described by six 2 x 2  m atrices 
given above. Essentially the ro tating  and counter-ro­
ta ting  com ponents of the rf field cause selective excita­
tions of oppositely oriented com posite spins of 1/ 2, 
created by extracting pairs of levels from the spin 
manifold. These com posite spins vectors are ro tated  in 
opposite senses fully described by the six m atrices 
M f  (a* ,/? ,0 , cot). Figure 6 illustrates this.

The approxim ation used in this calculation is equiv­
alent to solving the complete problem  by dropping the 
non-secular terms. One of the consequences apparen t 
from this calculation is that the extracted com posite 
spins of 1/2 are not affected by the quadrupole cou­
pling. The m ethod here is convenient for separating 
ou t the effects of rf and quadrupole evolution during 
a pulse.

Sample Calculation: 7 = 3 / 2 ,  one Pulse

In this section a sample calculation is perform ed on 
a spin 7 =  3 /2  to  illustrate the method. A series of 
pulses separated by free evolution periods is consid­
ered. We assume, for simplicity, tha t no asym m etry of 
the E F G  exists (rj =  0).

The initial spin density operator is given by

0 3 /2 (0 ) =  1 /4 £ 3/2 +  0 (o2, (O)

which can be rewritten as

=  1/4

- 1 0  0 0 
0 1 0  0 
0 0 1 0  
0 0 0 - 1/ J

0

(22)

which simply introduces a frequency com ponent to 
(24). F o r r] / 0 ,  if the eigenvalues and eigenfunctions 
are known, after a pulse it is necessary to transform  
into the basis for which the quadrupole Ham iltonian 
is diagonal. F or simplicity this is not considered here 
(see, however [12]).

After one pulse and evolution, it is possible to calcu­
late, say, the expectation value of Ix given by

< 0 = T r{ < 7 3/2((« + ( , ) / ,}  (26|

to  give,

/3  ,2?)
< 0  =  4>o ' (0) sin { ^ 3  tUj sin [a>e (t8, + ( ,)+ (£ ,] .

This agrees with the results of Reddy and  N arasim han
[9] with the following nota tional changes: 0 0 .

(2 8 )

+ * != * ! , (JOq = AüJ = -0)°m , ^ 3  (Oi t \  = £, =  90°.

By virtue of the sine terms in (27), a pulse which 
ro tates the com posite spins of 1/2 through an angle 
^ 3  cox t \  could be considered to be a 90° pulse. H ow ­
ever the second sine term  in (27) only reaches a m axi­
m um  for coQ(t{ + 1J  =  90° for 0 ! =  0. Hence, following 
a pulse, the signal is zero and thereafter grows. F rom  
Fig. 7 a vector description of the form ation of this 
signal is given. This picture is com pletely different 
from a 90° pulse in N M R  [13]. F o r this reason one 
cannot use the same criteria to denote pulse angles 
between N M R  and N Q R .

£ 3/2 + 10 (o2)(O)
0 0

0 - 1J  0 0
0 0 0 0
0 0 0 0

(23)

Here £ 3/2 is the 4 x 4 identity m atrix and (pi (0) is the m agnitude of the initial quadrupole alignment. The m atrix 
in (22) is the representation of a second rank tensor p roportional to  7 (2)0 for I  =  3 /2  [10].

After a pulse on the + 1 /2  -* +  3 /2  levels, the density m atrix  becomes

03/2 (*1) —1/4 £ 3/2 +  ^ (o2, (0)
(M0+) 0 o ' ro 0 0 0)

0 o l i o  0 0 0 
0  0  0  0 1  l o o  

^ 0 0 0 0 /  \ o  0 1 0

(24)

where t \  is the duration  of the pulse.
In the first evolution period t lf in the |/M >  < /M ' | basis, the quadrupole H am iltonian for an axially sym­

m etric E FG  is diagonal,

| / M >  </M1(r) =  e x p f — (M —M  ) I |/M >  < /M '|( 0) (25)
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7 = 3 / 2 ,  Second Pulse

C ontinuing from the density m atrix Ö3/2 1 +   ̂1) 
given by

A B  0 0 \

V

£3/2 Ui "I" *1) —1/4

where

£ 3/2+  *00 (0)
- B * - A  0 0

0 - A - B *
0 B A  ' J  

(29)

] / . . * • \ /

1 /
><■

A  = i cos/?!, (30)

B = sin ß! exp [ia>M(tei + t j — i(p] and

ß 1 = sf i  (o1 t \ ,  (31)

it is a simple m atter to continue the process by rew rit­
ing (29) as [14],

Fig. 7. Vector picture of a single pulse and evolution showing 
how the signal maximizes when the two oppositely rotating 
spin constructively interfere.

0 3 /2  ( * 1  +  * 1 )  — 1 / 4 £ 3/2 +  i' 0 o ) ( ° ) <  ~ i A

+
iB*

iB*

V~2

+ ij  2
0 0 
1 0

1.(1 
1 * 0 —1 

0 0 
0 0 

\0 0 
0 0

0 0 0
0 0 0

'0 0 0 0
0 0 0 0

0 
0 0

0 ' ^ ( 2
1'

+  iA

iB

0 0  ̂
0 0 
0 0 
0 0/

^0 0 
0 0 
0 0

+

0 0

0 0 
0 0 
0 0 

\ o  0

iB  

y ß  

0 0 
0 0 
1 0 
0 - 1

0 
0 

0 0 
1 0JJ

0 A 0 o '
0 0) 0 0
0 0 0
0 0 0

(32)

The effect of a second pulse can be calculated by using the 6 m atrices (19 -21 ) to  give

+
iB*

s ß

iB*

J *

(M 0+
0 0

(Ml 1)

0 0 
0 0

0 0
0 0
0 0

\ 0  0

0 0  ̂
0 0 
0 0 
0 0/
0 0  ̂
0 0

(m d

0 0 
0 0 

I

+0 0
0 0
0 0 /

0 0 0 o\

iB

+  iA

iB

V 2

0 0 
0 0 

\ o  0

0 0
0 0
0 0

\ 0  0

0 0

(M o:
/

0 0 
0 0

( M : x)

/
(M x+)

0 0 
\0  0

/  -

0 0 ^
0 0
0 0
0 0 /

(33)
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which for time t 2,

Q3l2(t(i + t i  + te2 + t 2) = \/4

'Qu 0 12 0 0 \
£ 3/2 + ̂ 2)(0) Q* 2 

0
- Q 11 

0
0

- P u

0

012

1° 0 012 0 i i )

(34)

where

0

vhere

>1X =  — co sß i co s /?2 +  sin/?! s in /?2 

•cos {o)°M(te1 + t 1)-(4>1-( l )2)},

n ' ß i  exP {i u>m (te2 + '  '

COS {(v M \ (35)

sxp {ia)0M{te1 + t l + t e2 + t 2) - i ( f ) 1} (36)

^  s in ^ 1(l —c o s ^ 2) exp { — i a>°M (t{ + t 1

+ te2 + t 2) - i { 2 ( f )2 - ( f )1)}.

g 12 = i c o s ß x sin

^ . Ki ( l  +  co sß 2)

exp {i oj°m (t\ + t l + te2 +12) -  i
i 
2

+  t°2 .

Again < /x)  can be calculated, giving 

<Ix> = <Ix (tti + t 1 + tQ2 + t 2)'>

= ----------^------ (0 12 + Oil)

R
=  ^  <t>02) (0) [2 cos ß 1s in ß 2 sin (coQ ( t |  +  r2) +  <j>2]

+  sin ß l (1 +  cos ß 2) sin (coQ +  f j  + + 12) +  (f)l) 

+  s in ß ^ l  —co s ß 2)

• sin [(coQ (t\ +1 ̂  — te2 — — {2 (j)2 ^ 17JJ

U nder the conditions 
i) on-resonance coQ = Act) =  ii) +  fi =  T,

iii) te2 + t 2 = t — T, iv) </>! =  0 2 =  9OO.

Equation (37) reduces to the result of [9].

Effects o f  n Pulses

C ontinuing the above process gives the same form 
as (34), i.e.

-<M ]. (37)

Q3/2(tei + h + t e2 + h - - - t en + t n) (38)

=  1/4 £ 3/2 +  0 (o2) (0)

0 i i 012 0 0 \\
[0 i 2]* — 011 0 0

0 0 — 011 [012. *

0 0 012 011 //

and the m atrix elements q 'X1 and g'12 are easily ob­
tained, although the expressions become longer as the 
num ber of pulses increases.

Summary

An N Q R  pulse differs from an N M R  pulse in that 
it is selective and both A M  = +1 and —1 transitions 
occur. This means tha t both  the rotating and counter- 
ro tating  com ponents of the rf field m ust be retained. 
By approximations equivalent to dropping non-secular 
parts o f  the Hamiltonian, a simple m ethod results 
which is based upon extracting pairs of levels that the 
pulse excites. These act like com posite spins of 1/2 and 
are ro tated  by the rf field com ponents. All the spin 
dynam ics of N Q R  pulses is given by six 2 x 2 matrices 
(19-21).

This approach is illustrated by an application of 
one and two pulses to a spin 3/2 with in an axially 
symm etric E F G  in the absence of an external m ag­
netic field. The results agree with the results of [9].

A lthough the simplest interactions are treated here 
for illlustrative purposes, the description for asym m et­
ric E F G ’s rem ains the same, but involves m ore alge­
bra. In addition  the application of a small external 
field, say H 0 z, can be easily incorporated. Essentially 
this effect moves the system off-resonance for one or 
the other rf com ponent so that both com ponents can­
not sim ultaneously be on-resonance.

F rom  Fig. 6 it is clear that this m ethod can be ap ­
plied to double resonance experiments. Also N Q R  
com posite pulses are easily treated.
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