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Pulses applied to spin systems with I >1/2 in the absence of any external fields, the NQR case,
are fundamentally different from NMR pulses. In particular, both rotating and counter-rotating
components of the rf field must be kept in NQR, whereas only the “in phase” component need be
retained in NMR. NQR pulses are illustrated for I =3/2 in an axially symmetric electric field

gradient (EFG).
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Introduction

In NQR it is customary to refer to a pulse that
maximizes the signal as a “90 degree pulse”. In the
absence of an external magnetic field and for an ax-
ially symmetric EFG there is no direction from which
the angle of a pulse can be referenced. NQR differs
from NMR in this fundamental way as indicated in
Figure 1. The purpose of this paper is to study pulses
in NQR and to compare and contrast the effects with
the well known NMR cases. Previous work on this
subject forms a basis for the approximation used
[1-7], with [7] coming the closest to our method [8].
In addition, similar cases have been treated by Reddy
and Narasimhan [9] and explicit comparisons are
made with their results.

In all treatments it has been recognized that spin
systems involving coherences are best described by a
spin density matrix, ¢, and the time dependence is
given by

de
ih— = %9—iRo,
v ¢—iRg 1)

where the spin dynamics is described by the Liouville
operator and a relaxation term R. Since the pulses are
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of short duration, we assume that relaxation effects
are negligible and drop the corresponding term in (1).

The goal of this paper is to describe a series of pulses
in the simple case of integer and half-integer spins
subject to an axially symmetric quadrupole interac-
tion.

To contrast with NMR, the external magnetic field
defines a z-axis about which nuclear spins can align
producing a magnetization vector. A pulse of 6 de-
grees about an axis, say x, denoted by 6,, simply
rotates the magnetization around the x axis so the
resonant components lie in the y z plane at an angle 6
relative to the z-axis.

NMR NQR
90° pulse 90° pulse ?
Z4

zero field quadrupole

magnetization ——
vector

Y

Fig. 1. Contrasting an NMR resonant 90° pulse with the
NQR case. What does a pulse do to a spin system, I >1/2,
when no external field is present?
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Fig. 2.a) Spin I = 3/2 in NMR case with Zeeman splitting H,
and Zeeman plus quadrupole, H_+ H,; b) same as (a), but in
the absence of an external magnetic field. Single quantum
transitions are indicated.

Figure 2 compares the NMR and NQR situations.
The important point to notice is that for NMR, a
“hard” pulse is non-selective and all transitions have
AM = +1. In NQR a pulse produces both AM = +1
and —1 transitions and is selective.

In both NMR and NQR the rf Hamiltonian is given
by

Hrh=wel,+ 2w, 1, cos(wt—¢), 2
which can be rewritten to give
Hylh=+w,l,
+w, [l cos(wt—@)—1I,sin(wt—a¢)]
rotating ?3)
=+, [I, cos(wt —¢) +1 sin(wt —p)].
counter-rotating

Here w, is the Larmor frequency and w,, w, and ¢
are the amplitude, carrier frequency and phase, re-
spectively, of the pulse. We refer to the second term in
(3) as the rotating component of the rf field and the
third as the counter-rotating component.

In the NMR case, if the Larmor precession is rotat-
ing in the same sense as the rotating component of the
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Fig. 3. NMR cases a) Lab frame off-resonance. The carrier
frequency has 2 oppositely rotating components which differ
from the Larmor frequency. b) same as (a) by w =w,. ¢) both
rf components in this rotating of w and on-resonance,
0 =w0,.

tf field, then this component is close to or on-reso-
nance and causes AM = +1 transitions, while the
counter-rotating component is out-of-resonance by
about 2w. In NMR, this term is dropped since it
causes, under usual experimental conditions, only
small Bloch-Siegert shifts. Figure 3 depicts the effects
of both components of the rf field in the NMR case.
Pure or hard pulses sufficient for most NMR cases
have an rf Hamiltonian given by [10], )

Hry/h=wol +w, [l cos(wt—¢)—Isin(wt—¢)].

The NQR case, from Fig. 2, requires both the rotat-
ing component of the rf field to produce the AM = +1
transition and the counter-rotating component to
produce the AM = —1 transition. Like in NMR, the
components rotating at +2w, out-of-resonance from
the AM = +1 transition frequencies, are ignored. Un-
like NMR, an NQR transition is selective. For exam-
ple the transitions between +1/2 — F1/2 levels are
not excited in NQR while they are in NMR (see Fig-
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Fig. 4. a) 1/2 — integer and b) — integer spins extracted from the 21 +1 manifold of levels.

ure 2). The rf Hamiltonian for NQR is given by the
sum of two components J#,; and #, where

Hyp = I cos(wt—d)—I,sin(wt—¢)] (5
is the rotating component and
Hy =", cos(wt—¢)+1I,sin(wt—¢@)] (6)

is the counter-rotating component.

Projection of Composite Spin

Within the above model, the rf Hamiltonian acts on
an adjacent pair of levels and causes selective single
quantum transitions of +1. It is possible to project

out the pairs of relevant levels. Figures 4a,b show
pictorially how this can be done for integer and half-
integer spins. Such projected pairs of levels are fully
described by a set of 2 x 2 matrices which are the Pauli
spin matrices.

Another way to visualize this process is to take a
matrix representation of a spin operator an extract the
relevant parts. Consider the quadrupole of a spin 5/2.
It’s matrix representation is given by [10]
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Suppose the transitions from +1/2 — +3/2 are excited. We simply rewrite the matrix as

1

J14

YOI =

(=N NN NN
[N e N e N
QOO WVnMO O
SO UnO OO
[ NN NN N}
NOOOOO
[N NN NN
oo OoO—=O
(=Rl NeNel

The first matrix in (8) is not affected by the #%. The
second matrix is excited by # and the third is ex-
cited by #; . The effects of #% are calculated on the
appropriate matrices, and the results then recombined
into one matrix again.

Another way to visualize this method is to treat the
last 2 matrices in (8) as spin 1/2 vectors. Hence in the
above example two composite vectors are extracted as
shown in Figure 5.

Calculation of the Pulse Effects

The effect of an rf pulse on a spin 1/2 is well known
[11]. We simply state the results.

pulse

C

Fig. 5. a) Vector example of extraction of two composite
spins of 1/2 from a quadrupole, b) effect of a pulse on the two
extracted spins, c) alternate representation of the effect of a
pulse. Note in b) and c) that the composite spins rotate in
opposite senses.
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First note that the effect of applying #; can be
obtained from the # result by virtue of the symme-

tr
d ©)
HT > H as 0> —w;, o> —o and ¢ —¢.

The density operator for the 2 x 2 problem is
1
0:(1)=1/2 |:E1/z+ x Y‘“"(1/2)¢f(t):|, (10)
q=-1

where the three components ¢, (t) denote the vector
polarizations of these composite spins with

d’()i’([)"'Mz’ ¢§1~MxilMy (11)
The spherical tensor operators are given by
1 0
YWO(1/2) =i ;
(1/2) ’(o _1>
. 0 1
Y<1“(1/2)=—1ﬁ<0 0), (12)

- » 0 0
¥y (1/2)_1\/E<1 0).

In terms of Wigner rotation matrices D{}’ («fy) [11]
one has

1
¢ ()= rzZ_lDf,lq"(aiitﬁ, B, a* Fo+m) 5 (0), (13)

where
af=Ftan"? A—wtan i ] (14)
- Q 2 2’
1 5 2
cosB=§ 0F g CcOSQt +4w* |, (15)
Q= Aw2+w12'effy Aw:w—wgla (16)
0y et =T +M)(I =M +1) o, 17

for a transiton M - M —1. wy is defined in Fig-
ure 4a. Hence from an initial condition ¢ (0) the ef-
fect of a pulse on these two pairs of levels is given by

1
Q;_L/z (t) = 1/2 I:EUZ + ':Zil(pqi' (0) Mqi' (ai’ﬂ’ ¢7wt)] ’ (18)
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Fig. 6. Effects of pulses showing a) a single selective pulse + M — + M + 1 for an integer spin, I, b) a possible double resonance
pulse, c) a pulse on the 0 — +1 levels of an integer spin and d) +1/2 — +3/2 transitions in a 1/2 — integer spin.

where the Mqi, ’s are given by

and

M§(di,ﬁ,¢,wt)=<

Mli(at’ﬂ’qbawt):

M*, (a%,B,¢,0t) =

icosf
isinfexp[—i(a*FPp+wt)]

i
— —sinBexpli(a* + ¢)]
07
i
— ——=(1—cosp)exp[+i(2¢ —w1)]

NG

i
A s

/2

— ;.(1 +cospP)exp[—i(Ra* +wt)]

/2

sinfexp[—i(x* £ ¢)]

At resonance w =wYy, af = —mn/2.

i

/2

i sin B exp [i(cxi$¢¢wt)]> (19)

—icosp

(1+cosp)exp[iRQa* +wi)]

; » (20
ﬁ sinfexp[i(e* £ ¢)]
i
— (1 —cosp)exp[Fi(2¢ —wt)]
V2 21

- —i-sinﬁ exp[—i(x* £ ¢)]

/2
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The result has the following relevance. Within the  which simply introduces a frequency component to
framework of the model described in the introduction,  (24). For n #0, if the eigenvalues and eigenfunctions
all NQR pulses are described by six 2 x2 matrices are known, after a pulse it is necessary to transform
given above. Essentially the rotating and counter-ro-  into the basis for which the quadrupole Hamiltonian
tating components of the rf field cause selective excita-  is diagonal. For simplicity this is not considered here
tions of oppositely oriented composite spins of 1/2, (see, however [12]).
created by extracting pairs of levels from the spin After one pulse and evolution, it is possible to calcu-
manifold. These composite spins vectors are rotated in  late, say, the expectation value of I, given by
opposite senses fully described by the six matrices

M (a*, B, , 1) Figure 6 illustrates this. > =Tr{oy, (1] +t1) L.} (26)
The approximation used in this calculation is equiv-  to give,

alent to solving the complete problem by dropping the \/3 (27)

non-secular terms. One of the consequences apparent ¢ ILy= ¢ (0) sin {\/3 o, 18} sin [, (1§ +1,) + ¢,].

from this calculation is that the extracted composite B
spins of 1/2 are not affected by the quadrupole cou-

5 4 ; This agrees with the results of Reddy and Narasimhan
pling. The method here is convenient for separating

[9] with the following notational changes:

out the effects of rf and quadrupole evolution during (28)
apulse' t‘{+tlgt1, wQ=Aw:—a)&,ﬁwlt‘{=§, ¢1=90°.

By virtue of the sine terms in (27), a pulse which
Sample Calculation: 7= 3/2, one Pulse rotates the composite spins of 1/2 through an angle

\/3 , t§ could be considered to be a 90° pulse. How-

In this section a sample calculation is performed on  ever the second sine term in (27) only reaches a maxi-

a spin I =3/2 to illustrate the method. A series of mum for wg (t§ +1,)=90° for ¢, = 0. Hence, following
pulses separated by free evolution periods is consid-  a pulse, the signal is zero and thereafter grows. From
ered. We assume, for simplicity, that no asymmetry of Fig. 7 a vector description of the formation of this

the EFG exists (7 =0). signal is given. This picture is completely different
The initial spin density operator is given by from a 90° pulse in NMR [13]. For this reason one
100 0 cannot use the same criteria to denote pulse angles
between NMR and NQR.
0O =1/4| Exptgf@[ 010 0} 22 b
00 0-1
which can be rewritten as
i(1 0) 0 0 00 0 0
=1/4| E+,+id®(0 0—-1/ 0 O _f0 O O O ) 23
/ 321195’ (0) - 0 0.(1 0 (23)
0 0 00 0 0 \0-1

Here E, , is the 4 x 4 identity matrix and ¢§ (0) is the magnitude of the initial quadrupole alignment. The matrix
in (22) is the representation of a second rank tensor proportional to Y®° for I =3/2 [10].
After a pulse on the +1/2 — +3/2 levels, the density matrix becomes

0
032 (t9) =1/4 | E3+i¢g(0) . , (24)
M

where t§ is the duration of the pulse.

In the first evolution period ¢,, in the [I M) {I M| basis, the quadrupole Hamiltonian for an axially sym-

metric EFG is diagonal,
3
1M MY (1) =exp< P

m(W-M*)) [IM) <IM'|(0) (25)
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I=3/2, Second Pulse

Continuing from the density matrix g5, (t§ +t,) A

given by : :
A B 00 ,’ K
B*-4 0 0 '
032§ +1)=1/4 E3/2+i¢(02)(0) ...........
0 -A-B*
0 0 B 4

29 Fig. 7. Vector picture of a single pulse and evolution showing
(29) how the signal maximizes when the two oppositely rotating
g

where spin constructively interfere.

A=icosp,, (30)
B=sinp, expliwd(t8+t,)—i¢] and
B=/3o,t, 31)

it is a simple matter to continue the process by rewrit-
ing (29) as [14],

i<1 0>00 i2<0 1)00
" . 0-1) 0 0 iB | 0 0) 00
03,8 +t)=1/4 | E5, +i¢P (0){ —iA + —
= SRR ntie’(0) 00 00 2 0 0 0 0
00 00 0 0 00
0 0\ 0 0 00 0 O
+i 1t o) oof, .00 000
V2 0 0 00 00.(1 0
0 0 00 0o o0'\o—1
00 0 0 00 0 0
iB*lo o 0 0 iBlo 0o 0 0
= - . (32)
Jzlo o . (0 1 \/500\/500
00 0 0 00 10

The effect of a second pulse can be calculated by using the 6 matrices (19-21) to give

0.0 00
03, +t,+18)=1/4 | E5, +i¢P0){ —iA (Mg) 0 0 +£(M1+) 0 0
T S 00 00] J2l0 0 00
00 00 00 0 0
00 00 00
'*(Mtl)
“Aloo oollos o
00 00 OO(MO)
00 00 00 00
-
_1\/52800_%8300 ’ (33)
OO(Ml) OO(M_l)
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which is easily recombined to give, after an evolution for time ¢,,

011 €12 0 O
032 (t +1,+ 18 +1,)=1/4 | E5, + 9§ (0) ng _g“ _2“ :7)?2 (34)
0 0 Q12 011
where
0,1 =—c0sf, cosf,+sinf, sinf,
-cos {0y (13 +1,) — (¢ — ¢2)}, (35)
01,=icospB, sinf, exp{iwy (15 +1t,) —id,}
+ %sinﬂl(1+cos[32)
exp{iwd (841, +18 +1,)—id,} (36) and the matrix elements ¢;, and ¢;, are easily ob-

— ésinﬁ,(l—cosﬁz) exp{—iwy (3 +1,
+1§+1,)—i(2p,— )}
Again {I.) can be calculated, giving
A= (8 +t +15 +15))

20)./3
= M(Q‘i2+012)

4

= ? ¢ (0)[2cos B, sin B, sin (g (63 +1,) + $,)

+sin B, (1+cos f,) sin(wq (1§ +t, +t§+1t,) +¢y)
+sinf, (1—cosf,)

sin[(@g(t§ +1, — 18 —t2) — (26, — ¢)]].

Under the conditions
i) on-resonance wy=4w = —wyy, i) t§ +t,=T,
i) (4 41,=t—T, iv) ¢, =ch,=90°.

(37)

Equation (37) reduces to the result of [9].

Effects of n Pulses

Continuing the above process gives the same form
as (34), i.e.

03, (8§ +t +t5+1t,...t24+1,) (38)

911 01> O 0
le1]* —0iy O O
0 0 —oiy [o1]*
0 0 012 011

= 1/4 Es/z +¢(02)(0)

tained, although the expressions become longer as the
number of pulses increases.

Summary

An NQR pulse differs from an NMR pulse in that
it is selective and both AM = +1 and —1 transitions
occur. This means that both the rotating and counter-
rotating components of the rf field must be retained.
By approximations equivalent to dropping non-secular
parts of the Hamiltonian, a simple method results
which is based upon extracting pairs of levels that the
pulse excites. These act like composite spins of 1/2 and
are rotated by the rf field components. All the spin
dynamics of NQR pulses is given by six 2 x 2 matrices
(19-21).

This approach is illustrated by an application of
one and two pulses to a spin 3/2 with in an axially
symmetric EFG in the absence of an external mag-
netic field. The results agree with the results of [9].

Although the simplest interactions are treated here
for illlustrative purposes, the description for asymmet-
ric EFG’s remains the same, but involves more alge-
bra. In addition the application of a small external
field, say H,, Z, can be easily incorporated. Essentially
this effect moves the system off-resonance for one or
the other rf component so that both components can-
not simultaneously be on-resonance.

From Fig. 6 it is clear that this method can be ap-
plied to double resonance experiments. Also NQR
composite pulses are easily treated.
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